A flowing hourglass changes its weight in the course of time because of the accelerated motion of its center of mass. While this insight is not new, it is frequently said that the effect is tiny and hardly measurable. Here we present a simple experiment which allows to monitor the weight as a function of time revealing different stages, in quantitative agreement with theory.
I. INTRODUCTION
The question whether or not the weight of a running hourglass as shown by a scale differs from the weight of the hourglass at rest is of great pedagogical value since experience shows that this question leads to controversial and instructive discussions. In our opinion, it teaches that a systematic analysis of a physical situation is superior to a phenomenological analysis, in a certain sense.
Phenomenologically, when the sand starts pouring, part of it is freely falling, thus, not supported by the balance leading to a reduced weight shown by the scale. When the grains arrive at the bottom, they come to rest in the lower chamber by transferring momentum and consequently force to the balance. A simple calculation shows that both forces sum up to zero, thus, it may be argued that except for short intervals of time in the very beginning and the very end of the flow, the scale shows the same weight as if the sand were at rest. It has been shown that this argument is wrong (or insufficient), nevertheless, it is taught till today in highschools and universities. Interestingly, this solution can be found in well recognised textbooks and journals, e.g. [1, 2] to mention just two out of many. It made it even to the National Physics Olympiad of Singapore [3] .
A related problem is the change of weight of an Atwood machine when it is brought to motion. This classical experiment by Poggendorff [4] (repeated many times in the literature, e.g. [5, 6] ) can be explained easily by evaluating the acceleration of the center of mass. Thus, the idea which leads us immediately to the correct solution is simple enough: Look to the acceleration of the center of mass of the hourglass! This more systematic approach reveals that the solution sketched above fails at least for the following arguments:
a) The material in the upper container and in the free falling jet is not at rest, but sand of time-dependent mass moves with a certain velocity determined by the outflow rate and the geometry of the container. Thus, in the course of time, moving material (in the upper container) comes to rest at a different location (in the lower container) which implies an acceleration.
b) At a given time t, during the small interval of time dt, sand moves effectively from a certain height h u to h l (see Fig. 1 ) where h u − h l is a decreasing function of time. This corresponds to an acceleration whose time dependence is determined by the geometrical shape of the hourglass.
FIG. 1: (a)
In an hourglass, the mass of moving material in the upper container and in the jet (green) changes over the course of time. This material comes to rest in the lower container, exerting a force during deceleration. (b) In the regime of steady flow, during time dt effectively the mass dm is transferred from hu(t) to h l (t), where ∆h ≡ hu − h l is a function of time and depends on the geometry of the hourglass. This implies accelerated motion of mass and, thus, a time dependent force.
From the analysis of the motion of the center of mass [7] [8] [9] [10] follows that the weight of the hourglass is a function of time which depends on the specific details such as geometric shape of the hourglass, outflow rate, angle of repose and others. In the literature, the effect was described as tiny which can be even overcompensated by the change of gravity when turning the hourglass, thus, changing the distance of the center of mass of the sand from the center of Earth [8] which is in the order of some µg and cannot be measured with usual physics lab equipment. Even for a very large device of height 120 cm emptying in 10 s, a maximal change in weight of only 49 mg was measured [7] , but the time dependence of this effect could not be determined. Using a multiple-orifice setup [10] where the upper cylindrical container was separated from the lower cylindrical container by a sieve, a quantitative measurement was presented. For the given geometry, however, a constant increase of the weight is expected from theory whereas the measurement shows a clear trend which may be understood either from the large uncertainty (error bars) of the measurement or from the non-stationary flow rate. Indeed, unlike fluids granular matter shows flows at a rate independent of the filling height. However, whether this result shown for a single orifice using different approaches [11] [12] [13] holds true also for a flow through a sieve remains unclear. But even for the simplified experiment [10] not the full time dependence of the change of weight could be measured due to perturbations of the opening mechanism.
Here we present experimental results for the change of the weight of a hourglass as a function of time. We observe different stages of behavior which can be understood by comparison with high speed video recording and which are in quantitative agreement with theory based on the accelerated motion of the center of mass.
In Sections II and III we will present the experimental results and the corresponding theory, respectively. Section IV discusses the stages of the flow apparent in the time dependence of the change of mass of the hourglass. Unlike earlier references, we will show that even with simple equipment we can obtain the weight of the hourglass as a function of time and explain this function theoretically.
II. EXPERIMENT
The experiment is shown in Fig. 2 . The upper container consists of a cylinder and a cone characterized by R 1 = 2.75 cm, R 2 = 1.0 cm, and Z 2 = 3.5 cm, initially filled up to Z 1 = 8.2 cm with M = 800 g bronze powder of density ρ = 5, 230 kg/m 3 , grain size of approximately 150 µm and angle of repose of α = 28.3
• . This filling material was chosen for its high density and in order to avoid electrical charging of the material leading to a homogeneous flow. The lower compartment consists of a cylinder characterized by R 3 = 2.75 cm and Z 3 = −21.5 cm. Both upper and lower compartments are manufactured from polycarbonate material. Unlike common hourglasses, we did not seal the upper and lower vessel in order to avoid a difference of air pressure in the upper and lower compartments: In closed, non-evacuated hourglasses the flow of sand through the orifice carries a small amount of air with it leading to increased pressure of air in the lower chamber [14] . It was shown that the counter-flowing air leads to unsteady flow termed "ticking of hourglasses" which was extensively studied in the literature [15] [16] [17] [18] [19] . The open construction of our experiment avoids pressure differences by flowing air and, thus, provides a steady flow of sand at rate F = 720 g/s.
The hourglass was placed on a balance using a load cell with 2 kg capacity (LCB70, ME-Meßsysteme). The electrical signal from the strain gauge of the load cell was amplified and digitized using an ADS1281 analogto-digital converter. The weight of the hourglass was sampled at rate 250 s −1 .
Initially, the orifice of the upper container was closed by a lid held by an electromagnet. At time t = 0 the orifice was opened and the pouring sand led to an accelerated motion of the center of mass and, thus, to a chance of the weight measured by the balance. Fig. 3 shows the weight of the hourglass during the run where the mass of the apparatus was subtracted. A running average over 6 samples was applied to suppress high frequency oscillations inevitably appearing due to the finite stiffness of the load cell.
A movie of the measurement is provided as supplementary material [20] . The details of the experimental result will be discussed below. In the following section we compute the weight of the hourglass theoretically with some model assumptions. Comparing experiment and theory in Sec. IV we will obtain quantitative agreement. At time t = 0 the orifice opens. We observe a characteristic evolution which can be understood in detail from the theory presented in Sec. III.
III. MODEL
A. Geometry
The geometry of our model hourglass is sketched in Fig. 2 . As for a typical hourglass, the upper container consists of a cone and a cylinder. The lower container is symmetrical, however, we assume that the total volume of the sand only fills the cylindrical portion of the container, such that we do not need to describe the lower cone in our calculation.
For the computation of the vertical position of the center of mass (com), Z(t), we subdivide the volume into sub-volumina I − VI of time-dependent mass and center of mass, m i (t) and Z i (t), (i = I, . . . , VI), respectively, with
with M being the total mass of the sand. Knowing Z(t) as an analytic function, we can compute the time dependent force acting on the balance,
The masses and centers of mass of the sub-volumina are functions of time of the form
(4) For the initial conditions we assume that the upper container is filled up to the hight z 1 and the upper surface of the granular material is flat. At time t = 0 the material starts flowing through the orifice at rate F . In contrast to a fluid, the pressure at the orifice and, thus, the flow rate F are independent of the filling hight [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , known as Janssen's law [32] and Beverloo's law [11] , respectively. From a dimension analysis [33, 34] follows the functional form of the flow rate,
with the dimensionless constant C F , where g and ρ are gravity and material density and A is the cross section of the orifice. In this paper, we assume that the flow F is independent of time as long as sand flows. This is a good approximation except, perhaps, for the very first instant where the acceleration of the granulate is limited by inertia of the sand and the very last moment when the filling height of the upper container is in the order of the diameter of the orifice. For the quantitative comparison in Sec. IV we measured the value of F under this assumption.
In the following Sections, III B-III F, we compute m i and Z i and the corresponding times t 0 i and t e i for all subvolumina and subsequently in Sec. IV the function Z(t) and the corresponding weight of the hourglass.
For the calculation, we will introduce the time dependent filling level, z(t), defined as the highest vertical position occupied by sand, and some temporary variables, indicated by an asterisk, e.g., x * . Such variables are only relevant in the context of the present section.
For the quantitative plots we assume the parameters g = −9.81 m/s 2 , ρ = 5, 230 kg/m 3 , R 1 = 2.75 cm, R 2 = 1.0 cm, z 1 = 8.2 cm, z 2 = 3.5 cm, α = 28.3
• , and F = 0.69 kg/s, in agreement with the experiment, Sec. II.
B. Sub-Volume I (brown)
At initial time, t = 0, volume I (brown in Fig. 2) has the shape of a cone. Obviously, (b), see Fig. 4b , a crater of radius R 1 and increasing depth forms. At t = t e I , its slope approaches the angle of repose, α. For both cases, we describe the brown-shaded body in Fig. 4 as superposition of the initial cone whose mass and center of mass given by Eq. (6) and the green cone of (negative) mass m * (t) = −F t and com
The com of volume I for t 0 I ≤ t ≤ t e I is then the limits t → t e I are different for both cases. When we express for case (a) Z I (t) as a function of the instantaneous radius, r * , of the smaller cone we obtain
For case (b) we express Z I (t) in terms of the position z of the tip of the smaller cone. Here we obtain
see Fig. 5 . The different limits are an interesting mathematical peculiarity which has its origin ultimately in the continuum description of granular matter which is problematic in the limit of mass approaching zero. For our calculation, it is, however, unproblematic since in the same limit mass vanishes, m I (t) → 0 for t → t e I , therefore, the product, m I (t)Z I (t), does not contribute to Eq.
(1) for t ≥ t e I .
C. Sub-Volume II (red)
Initially, volume II, see Fig. 2 , consists of a cylinder of height z 1 − z 2 and radius R 1 , closed at the top by a cone of negative mass and an identical cone but of positive mass at the floor. Thus,
For t 0 II ≤ t ≤ t e II , the filling level reads
and we write for the com of the cylinder
For the upper and lower cones we obtain
Consequently,
and in particular Figure 6 shows the functions Z II (t) and m II (t).
D. Sub-Volume III (orange)
Volume III is given by the orange region in Fig. 2 and the magnification in Fig. 7 where the nomenclature used in this section is introduced. We define the conical segments S 1 , . . . , S 4 of negative an positive masses whose superposition equals volume III. Note that only S 3 and S 4 depend on time. 
Segment S1
Sub-volume S 1 (see Fig. 7 ) is a time-independent cone of positive mass of height and radius
respectively, where we define for later reference
Consequently
2. Segment S2 Segment S 2 is a time-independent cone of negative mass with the same radius as S 1 and height z * a + z 2 R 2 /(R1 − R2), thus, with Eq. (17)
3. Segment S3
Segment S 3 of negative mass is a cone with radius R(z) and height R(z) tan α, therefore, for t
The filling height z(t) and t e III are computed later from the total mass of sub-volume III. For t → t 0 III when z → z 2 , we obtain
Segment S4
Segment S 4 is a cone of mass and com given by
The first bracket in Eq. (23) specifies the radius R(z(t)) of the cone, and the second bracket is its height. The initial mass and com follow for z → z 2 , For the computation of the com via the com's of the segments, (27) we need the filling height, z(t), since m * 3 , m * 4 , Z * 3 , and Z * 4 depend on time through z(t). The filling height can be found from
with the segment masses given by Eqs. (19, 20, 21, 23) and the time dependent mass given by Eq. (26) . The lhs is a polynomial of third order of the filling height. By solving the third order equation, we obtain z(t) and subsequently Z III as an explicit function of time via Eq. (27) . Figure 6 shows the resulting functions Z III (t) and m III (t). E. Sub-Volume IV (yellow)
Time independent flow rate
Sub-volume IV is a tiny annulus below volume III which is hardly visible in Fig: 2. The magnification, Fig.  9 defines the variable z * a which is the same as in Sec. III D. One can argue whether it is necessary to compute the contribution of this sub-volume since its mass is small and the computation requires some effort. We believe it is necessary for the sake of consistency. Recall that we need the second derivative of the com to obtain the weight of the hourglass, see Eq. (2), thus, even small discontinuities may lead to large errors. For t t 0 IV the area at z = 0 is covered with sand such that Beverloo's law, Eq. (5), ist a good approximation. For t ≈ t 0 IV it is certainly not justified to assume constant flux, F , however in absence of solutions in the literature for this situation, we assume also here constant flux F . Moreover, sub-volume IV is certainly tiny as compared to all other sub-volumes such that the details of the flow regarding this volume are of minor importance for the total weight of the hourglass, provided large jumps in the second derivative are avoided, see above.
Mass of sub-volume IV
Sub-volume IV is a frustum (height z(t), radii R(z) and R 2 ) of positive mass and frustum (height z(t), radii R(z) and R * ) of negative mass, see Fig. 9 . Its mass ist, therefore,
with
with T defined in Eq. (18) . Then
At time t 
We obtain the mass of sub-volume IV:
and m e IV = 0.
COM of sub-volume IV
For the computation of the com we need the filling height z(t) in explicite terms which can be obtained by solving a third-order equation obtained from equating m IV (t) in Eqs. (31) and (33) .
With z(t), the com of sub-volume IV (frustum) is given by
and Z e IV = lim z→0 Z IV = 0. Figure 10 shows the functions Z IV (t) and m IV (t). 
F. Sub-volumes V and VI (blue and green)
The calculations for subvolumes V and VI (jet and lower container) are closely related, therefore, we present them together in this section. Sub-volume V is the falling jet bound by the orifice at z = 0 and the filling level z l (t) of the lower container. Sub-volume VI consists of the sand resting in the lower container which is a cylinder of radius R 3 with the lower bottom at z 3 , see Fig. 2 . Based on the experimental observation [20] we assume that the upper surface of the sand is flat owed to the large flow rate in our experiment. The same calculation can be performed for a certain angle of repose. The close relation of the sub-volumes originate from the fact that their common boundary changes with time. Indeed, the surface at vertical position z l (t) moves upwards in time, therefore, despite constant flow rate, F , the rate of sand settling at the floor is different from F .
Density, mass and com of the jet in general
Particles enter volume V at a certain initial velocity, v * , which follows from continuity between volumes IV and V. Since the jet is not confined by lateral walls, here we cannot rely on Beverloo's law [11] but assume that the flow is proportional to its cross-section, thus
At time t = 0 = t 0 V the lid opens and the grains start falling at velocity v * . Using
we compute the density of the jet dm/dz. The velocity of the grains at vertical position z is
thus,
with the filling height, z l (t), given below.
With the yet unspecified upper and lower boundaries of the jet, z L and z U , respectively, we obtain general equations for the mass of the jet,
and the com:
2. Vertical Position of the Interface Between Volumes V and VI, z l (t)
Sub-volume VI becomes active when the first grain arrives at the floor at position z 3 at time
For 0 = t 0 V ≤ t ≤ t e IV , the mass flown through the orifice until a certain time is either located in the jet or as a sediment in the lower container:
With Eq. (39) for m jet we obtain a quadratic equation for z l (t).
Mass and com of Sub-Volume V (jet)
Using the general results from Secs. III F 1 and III F 2 we can compute the evolution of mass and center of mass position of volume V. The scenario is the following: at time t = 0, the lid opens and the jet gains mass rapidly. The first grain hits the floor at z 3 short time after. From this moment on, the mass of the jet decreases slowly since the lower filling level, z l , increases. When the last grain enters the jet at the orifice, the mass of the jet decreases rapidly and vanishes when the last grain arrived at the floor. In quantitative terms:
with z l (t) given by the solution of Eq. (42).
• time t 
and the corresponding time V are both undefined but finite, that is, they do not contribute to the total com of the system. Figure 11 shows the functions Z V (t) and m V (t). Volumes V and VI have a common interface at z l (t), therefore, t e VI = t e V . The mass and com of volume VI can be directly concluded from the evolution of the lower filling height, z l (t), being the solution of Eq. (42), that is, (49) Figure 12 shows the functions Z VI (t) and m VI (t). 
IV. CENTER OF MASS AND WEIGHT OF THE HOURGLASS
The total center of mass, Z(t), is obtained via Eq. (1), where the masses and coms of the sub-volumes are given in the form of Eqs. (3, 4) with the details for each subvolume computed in Secs. III B-III F. The solution, Z(t), obtained here is rigorous, that is, entirely analytical, albeit given in piecewise form which makes mathematical operations with this function rather cumbersome. Computer algebra systems such as Maple can be used to conveniently compute the second derivative of this function to obtain the weight F w of the hourglass via Eq. (2) with the total mass given by M = m Figure 13 shows the final result of the analysis, that is, the center of mass, Z(t), and the force resulting from its second derivative due to Eq. (2). While Z(t) appears less impressive, the force shows distinct characteristics which are similar to the experimental data: In particular, we recognise three distinct stages, (a) the initial interval, 0 < t 0. three stages we find qualitative and even partially quantitative agreement between theory (blue line) and experiment (green line) without employing any adjustable parameters in the model. In particular, in stage (b) where the textbook solution discussed in the introduction fails, we find quantitative agreement of theory and experiment.
Despite the overall good agreement of theory and experiment, there are some sizeable local deviations which shall be discussed in detail: First we notice a sharp negative peak at t = 0 in the theoretical curve which appears less sharp in the experimental data. The reason for this peak is the assumption that at t = 0 the sand starts pouring instantaneously, that is, a finite mass is set into downward motion at finite velocity instantaneously which implies a δ-shaped negative acceleration. Looking to the experimental data, we notice that there is a similar behavior, however, the negative peak is of finite value and duration due to the fact that the sand is not set into motion instantaneously but needs a finite time to accelerate. Reducing the total amount of sand, the mass accelerated at t = 0 decreases and the peak gradually disappears. Figure 14 shows the experimentally measured weight in the initial interval t < 0.22 s for different amounts of granular material.
At t ≈ 0.25 s, in Fig. 13 we observe a damped oscillation in the experimentally measured weight which . 13 ). The figure illustrates the appearance of the initial negative peak due to the acceleration of the total amount of granular material after opening the lid at t = 0. Right: Magnification of the plateau in Fig. 13 . The deviation of the experimental and theoretical result is about 10%.
does not appear in the theoretical result. The reason for this deviation is the splash of the granular material in a short period after the instant when the jet arrives at the bottom at t = t 0 VI . In the theory we assume that the material comes to rest instantaneously. The movie of the experiment [20] shows that this assumption is well justified for the entire experiment, except for a short intervall after t A third significant deviation between experiment and theory can be seen at t ≈ t e VI when the experiment terminates. While theory predicts an instantaneous drop of the weight, the experiment shows a smooth decay. The reason for this deviation is the assumption of constant flow rate, F due to Beverloo's law, see discussion of Eq. (5). According to Janssen's law, the pressure and, thus, the flow rate are independent of the filling height, except when the filling height is too small and approaches the size of the orifice or even drops below it. But this is the case for t ≈ t e VI such that the assumption of constant flow is not justified close to the very end of the experiment. For the same reason, that is, assuming constant flow rate in the interval (t 0 IV , t e IV ), the small positive peak at t = t 0 IV appears, see discussion in Sec. III E 1.
V. CONCLUSION
The weight of a pouring hourglass deviates from the weight of the hourglass at rest due to the accelerated motion of the sand. While this insight is not new (but still not generally acknowledged), in several references it was claimed that the effect is tiny and hardly measurable using standard laboratory equipment. In the present paper, we perform the experiment using even sub-standard equipment and achieve quantitative agreement with theory.
While in many cases, phenomenological approaches to physics problems are successful, in the case of the weight of an hourglass it is delusive and leads to erroneous results which can be found in textbooks and lecture notes. More systematic approaches such as the one presented here, namely to consider the acceleration of the center of mass, are certainly more laborious and less elegant, however, they are certainly less prone to fail, which may be considered as the educational message of this paper.
